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ABSTRACT 

Weakly  coupled  semilinear  parabolic  systems  of  the  form  u  -  A(x)u  =  g(ufc) 
with  homogeneous  boundary  conditions  are  studied.  The  nonlinear  function 
g  :  C(  [-r,0]  x  8,1*”)  ♦  R11  is  assumed  to  be  locally  Lipschitz  continuous  with 
r  >  0  a  given  real  number  and  ft  C  R?*1  a  bounded  domain,  u  =  du/dt,  ut  for 
t  >  0  is  defined  by  ut(o,5)  =  u(t+a,£),  -r  <  a  <  0,  £  €  and  A  is  a 
uniformly  elliptic  second  order  diagonal  operator.  Let  u  be  a  bounded 
classical  solution.  We  first  establish  precompactness  results  for  the  orbit 
of  u  in  several  function  spaces.  Using  these  results  and  assuming  that  a 
Liapunov  function  V  for  the  corresponding  ordinary  functional  differential 
equation  z  =  g(zfc)  is  known,  we  then  show  under  some  general  conditions  that 
the  limit  set  w+  (as  t  ♦  “)  of  u  consists  of  spatially  homogeneous 
functions  only.  Moreover,  w+  is  invariant  with  respect  to  z  =  g(zt)  and 
V  =  0  on  u+.  The  theory  is  illustrated  with  an  example. 
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SIGNIFICANCE  AND  EXPLANATION 


J  In  recent  years,  reaction-diffusion  systems  have  become  widely  used  as 
models  in  biology,  chemistry  and  population  dynamics. 


A  major  point  of  interest  is  the  long-time  behavior  of  the  solutions. 
For  systems  governed  by  ordinary  differential  equations  the  asymptotic 
behavior  is  usually  investigated  using  Liapunov  functionals  in  conjunction 
with  an  invariance  principle.  The  purpose  of  this  paper  is  to  extend  these 


methods  to  a  general  class  of  distributed  systems  that  admit  possible  . 


hysteresis  effects  in  the  reaction  mechanism 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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ORBITAL  COMPACTNESS  AND  ASYMPTOTIC  BEHAVIOR 
OF  NONLINEAR  PARABOLIC  SYSTEMS  WITH  FUNCTIONALS 

Reinhard  Redlinger 

0.  Introduction 

Let  J  »  (-r,0)  with  r  >  0  and  ft  a  bounded  domain  in  H?1  with  smooth  boundary 
3ft.  we  will  consider  in  this  paper  weakly  coupled  nonlinear  parabolic  systems  of  the 
form  (k  «  1,2,. ..,n) 

u*  -  Ak(x)uk  «  gk(ut)  in  D  -  x  ft  , 

(0.1)  Bk(x)uk  -  0  on  [0,®)  x  3ft  , 


k  k 
u  ■  <p 


in  J  x  ft  , 


where  u  »  (u1/...,un),  u*  «  3uk/3t  ,  g  s  C  «  C(J  x  f5 , rf' )  +  vf1  is  a  given  function,  ip  £  C, 

k  V 

the  A  are  uniformly  elliptic  operators  of  second  order  and  the  B  linear  boundary 
operators.  As  usually,  ufc  £  C  for  t  >  0  is  defined  by  ut(o,S)  “  u(t+o,£),  a  £  J, 

5  c  5.  We  say  that  u  is  a  classical  solution  of  (0.1),  if  the  function  u  together 
with  its  derivatives  appearing  in  (0.1)  is  continuous  in  6  such  that  equations  (0.1) 
are  identically  satisfied.  A  bounded  classical  solution  u  is  a  classical  solution  with 
sup{|u(t,x)|  :  -r  <  t,  x  £  f5}  <  “. 

In  the  first  part  of  the  present  paper  we  will  prove  compactness  results  for  the  orbit 
T(u)  “  {ut  :  t  >  0}  <  C  of  a  bounded  classical  solution  u  of  (0.1)  in  various  function 
spaces.  We  give,  in  particular,  sufficient  conditions  on  A,  B,  g  and  ip  under  which 
T(u)  is  relatively  compact  in  the  space 

Y  -  {v  £  C  :  £  C,  D^vlO,*)  £  C(ft,Rn)  for  all  i,  j)  , 


endowed  with  the  norm 


m  m 

Ivl  =  Ivl  ♦  T  ID  vt  +  l  ID.D,v(0,»)l 

(o.o)  -  i:1  i  -  if5.,  i  ) 
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We  deduce  these 


1*1^  denoting  the  supremum  norm  and  the  partial  derivative 

results  from  more  general  theorems  valid  for  abstract  nonlinear  evolution  equations  of  the 
form 

u  +  Au  =*  g(t,ut>  ,  t  >  0  , 


(0.2) 


where  A  is  the  infinitesimal  generator  of  a  strongly  continuous  analytic  semigroup  of 
linear  operators  in  a  Banach  space  X. 

With  (0.1)  one  can  associate  the  system  of  ordinary  functional  differential  equations 

z  =  g(z  )  ,  t  >  0  , 

(0.3) 


z  =  in  J  , 

with  g  the  restriction  of  g  to  the  subspace  Ch  of  spatially  homogeneous  functions 
in  C.  Assuming  that  a  Liapunov  function  V  for  (0.3)  is  known  and  using  the  compactness 
results  of  the  first  part  we  show  in  section  3  that  under  some  general  conditions  on  the 
system  (0.1)  the  limit  set 

oj(u)  ■  {v  €  C  :  There  exists  t  *  “  with  u  +  v  in  C) 

x 


of  a  bounded  classical  solution  u  of  (0.1)  consists  of  spatially  homogeneous  functions 
only.  Moreover,  u>(u)  is  contained  in  the  largest  invariant  subset  (with  respect  to  the 
system  (0.3))  of  the  3et 


S  =  {<l<  £  Ch  :  V(il>)  =  0}  . 

In  other  words,  the  asymptotic  behavior  of  solutions  to  (0.1)  is  completely  determined  by 
the  behavior  of  the  solutions  z  of  (0.3).  For  systems  (0.1)  without  functionals  related 
results  have  been  proven  in  (9)  (see  also  (81  and  the  literature  cited  in  these  papers). 
The  necessary  compactness  result  in  this  case  was  established  in  (10).  We  conclude  the 
paper  by  treating  in  detail  the  example  (n=1) 


(0.4) 


u  =  Au  -  i^_r  a(  s-t)  I  u(s,x)  |  u(s,x)ds  in  (0,"°)  »  P  , 


3u/3n  -  0  on  (0,»)  x  30  , 

where  N  is  the  outer  normal  and  a  €  C2(J)  is  a  given  nonnegative,  convex  function 

with  a(-r)  =  0.  We  show  that  our  results  are  applicable  to  (0.4)  for  all  I  >  1  in  case 

m  »  1,2  and  for  1  <  l  <  (m+2)/(m-2)  otherwise. 


Let  X  be  a  Banach  space  with  norm  1*1  and  let  A  :  d(a)  C  X  be  a  closed,  linear 
operator  in  X  with  domain  of  definition  D(A)  dense  in  X.  Throughout  this  section  we 
will  assume  that 

(1)  I (A  +  X)-1.  <  M(  |  X  |  +  I)'1  for  all  Re  X  >  0 

with  some  constant  M  >  0  independent  of  X  (the  norm  in  L(X),  the  space  of  bounded 
linear  operators  from  X  to  X,  is  also  denoted  by  1*1).  It  follows  from  (1)  that  -A 
is  the  infinitesimal  generator  of  an  analytic  semigroup  {e_At  :  t  >  0}  in  X  and  that 
there  are  constants  C,6  >  0  such  that  (I  denotes  the  identity  operator) 


(2) 

.  "At.  ,  -  ~St 

He  >  <  Ce  , 

«Ae  At>  <  Ct  *e 

for 

(3) 

"Ah 

1  (e 

I)A_1 1  <  Ch  for  h 

>  0 

(cf.  (13,  Sect.  1)).  This  permits  us  to  define  the  fractional  power  A-°  of  A  for  any 


o  >  0  by  the  integral 


.-a  1  ,<»  -As  a-1 . 

A  “  rTST  e  8  d8  ' 


where  T  denotes  the  gamma  function.  The  operators  A  a  are  one-to-one  and  elements  of 

L(X 1 •  Hence  it  is  reasonable  to  define  A°  «  <A"a)-1.  A°  is  a  closed,  densely  defined 

linear  operator  in  X.  With  the  norm  ixl^  »  IAaxl,  X^  »  D(A°)  becomes  a  Banach  space. 

Set  A0  =  I.  Then,  for  any  a  <  B  <  y,  an  inequality  of  moments 

(4)  1  x<  <  C  .  Ixlt'lxl1**  ,  x  e  X 

'  '  S  afiy  r  a  y 

with  X  =  (fl-a)/(y-a)  is  valid.  The  constant  Co  is  independent  of  x.  For  proofs. 


see  [13,  1. c. ] . 


Let  r  >  0  a  real  number  and  set  J  =  t  r,0].  Denote  by  Z  =  C(J,X)  the  space  of 
all  continuous  functions  froms  J  to  X  with  norm 

=  sup{*<Ms)<  :  s  £  J}  <  “ 

If  b  >  0  and  u  £  C([-r,b],X),  then  for  0  <  t  <  b,  ut  £  Z  is  defined  by  ut(s)  = 
u(t+s),  s  £  J.  Let  y  :  (0,«)  x  Z  ♦  X  be  a  given  function.  In  this  section  we  will  study 
continuity  properties  and  boundedness  in  the  spaces  Xa>  0  <  a  <  1,  of  solutions  u  of 


the  initial  value  problem 


.  H 


AJ.«  !•*  i  »-  _« |J  '  i »'  j-t  ut  k’  |  .♦  4.  J>|  »U  JM  >a  V.^VifV)1^  I1! 


u  +  Au  “  g(t/Ut> 


t  >  0  , 


where,  u  *  du/dt.  A  strong  solution  u  of  (5)  is  a  function  u  e  CtJ  U  R+»X),  whose 
restriction  to  R+  -  (0,«)  lies  in  C(*+,D(A))  Oc1(R+,X),  such  that  (5)  is  identically 
satisfied.  A  mild  solution  of  (5)  is  a  function  u  e  C(J  U  R+,X)  with  uQ  -  »  satisfying 


the  integral  equation 


e-Atg> ( 0 )  +  /*  e-A<t-8)g(s,u  )ds  ,  t  >  0 


If  sup{lu(t)l  :  t  >  -r}  <  ”,  the  solution  is  said  to  be  bounded. 

Let  u  be  a  fixed  bounded  mild  solution  of  (5)  and  set  f(t)  •  g(t,ufc)  for  t  >  0. 


Assume  that  there  are  constants  K,  P  >  0  such  that 


lf(t)l  <  P 


for  t  >  0  , 


(7b)  llf(t)  -  f(s)l  <  K(|t-s|  +  lu  -  usl)  for  t,s  >  0  . 

For  example,  (7)  holds  if  for  any  bounded  set  B  C  Z,  the  function  g  is  (globally) 
Lipschitz  continuous  and  bounded  on  (0,“)  x  B. 

Proposition  1.  Let  u  be  a  bounded  mild  solution  of  (5),  for  which  (7)  is  satisfied. 

Then,  to  any  0  <  a  <  1  with  <p(0)  €  X0,  there  is  a  constant  C,  *  C.,(a)  such  that 

lu(t)l  <  C,  for  all  t  >  0  . 

a  1 


Proof.  Using  (4),  by  (2),  (7a)  we  get 


lu(t)la  <  Cl*(0).a  ♦  /$  C0a1C(t-s) 


-a  -5 (t-s) 

e  P  ds  <  const. 


with  a  constant  independent  of  t. 

Proposition  2.  Let  u  be  a  bounded  strong  solution  of  (5)  with  Lipschitz  continuous 
initial  value  »  e  C(J,X)  and  <p(0)  €  D( A) .  Assume  (7).  Then 

lu(  t+h)  -  u(t)l  <  C2h  for  all  t  >  0,  0  <  h  <  1  , 
with  a  constant  C2  independent  of  t,  h. 

Before  proving  proposition  2  we  first  state  an  elementary  lemma.  For  convenience,  the 
following  notation  is  introduced:  Let  a,  b,  t  :  (0,”)  ♦  R  with  b( s)  >  0,  0  <  T ( s)  <  s 


for  s  >  0  and  b  r  For  V  4  C[-r,»)  define  Sy  :  (0,®)  +  R  by 

(Sy )  ( t)  -  a(t)  +  /*(t)  bit-s)  |ya|ds  ,  t  >  0  , 

where  |y  |  =  sup{y(s+o)  :  a  £  J). 

Lemma  3.  Let  S  be  defined  as  above  and  let  y,z  £  C[-r,“)  satisfy 
y<t)  -  (Sy)(t)  <  z(t>  -  (Sz)(t)  for  t  >  0  , 
y(t)  <  z(t)  for  t  £  J  , 

Then  y(t)  <  z(t)  for  all  t  >  -r. 

Proof .  Since  y,  z  are  continuous  and  b  is  locally  integrable,  the  functions  Sy  and 
Sz  are  well  defined  for  t  >  0.  Suppose  the  assertion  is  false  and  let  a  =  inf{t  >  -r  : 
y(t)  »  z(t)}.  Thus  y(o)  “  z(a),  which  implies  c  >  0,  and  y(t)  <  z(t)  for  -r  <  t  <  a . 
But  then  at  t  »  a, 

z-y-Sy+Sy<z-Sz+Sy<z-Sz+Sz=z  , 

a  contradiction. 

Proof  of  proposition  2.  For  any  0<T<t,h>0  we  have 

(8)  u( t+h)  -  u( t)  =  I,  +  12  +  I3  +  X4  , 

where 

xi  =  (e  -  I)e  9(0)  , 

fT+h  -A(t+h-s)  . 

X2  =  JT  e  f(s)ds  , 

I3  -  /J  (e'Ah  -  I)e“A(t_8>  f(s)ds  , 

X.  =  ft  e'A<t_sl  (f  (  s+h)  -  f  (  s)  )  ds  . 

4  T 

By  (2),  (3)  and  (7a)  we  have 

II 1 1 1  <  l(e*Ah  -  I )  A- 1 1  le"Atl  l9(0)»1  <  C2h*9(0)»1  , 

.  ft+h  _  _  -6(t+h-s),  , 

II  I  <  CPe  ds  <  C  P  h 

2  ‘  T 


and  (assuminq  T  <  t) 


Ids 


II3I  <  C  P  h  f*  lAe"A(t-s) 

<  C2P  h  /q  (t-s)-1e-6(t‘a)ds  <  C2P(t-T)-16_1h  . 

Choosing  T  =  T(t)  =  max(0,t  -  (2CK)-11'  we  9ee  that  the  Unction 

y(t)  -  lu(t+h)  -  u(t)l  ,  t  >  -i  , 

satisfies  the  inequality 


y(t)  <  C'h  +  J*  Ce-i5(t's)K(h  +  |ys|)ds 

<  C  h  +  ft  CKe-61 t_s) |y  Ids  for  t  >  0  , 

3  1  x  's' 


where  Cj.  Cj  are  constants  and  |ys|  *  sup{y(s+<J)  :  o  e  J}. 

Our  hypotheses  imply  that  there  is  a  constant  C4  >  0,  independent  of  h  <  1,  w: 

y(t)  <  C4h  for  t  £  J  . 

Let 


z( t)  =  Mh  for  t>  -r  , 

where  M  >  C4  is  a  constant.  The  assertion  will  follow  from  lemma  3,  provided  we  can 
choose  M  such  that 

Mh  >  Cjh  +  f*  CKe-l5<  t-S>Mh  ds  for  all  t  >  0  . 

But  this  is  equivalent  to 

M  >  Cj  +  CKM  iS _  1  (  1  -  e  for  t  >  0  . 

Hence  it  suffices  to  choose  M  >  max(C4,2C^). 


Proposition  4.  Under  the  hypotheses  of  proposition  2  there  is  to  any  0  <  a  <  1  a 
constant  -  C^(a)  such  that 

1-3 

«u(t+h)  -  u(t)l  <  C,h  for  all  t>0,  0<h£1 


•Jf  *>  ' 


■  r.  r.’T .  -  ; -kr  1"  U."  VT  k".*~A."TCTVFSm 


Proof .  Choose  t  »  0  in  (8).  Then  Ij  «  0  and 

H. I  <  f!r  const. (t-s)  ae  s'h  ds  <  const,  h 
4  Cl  0 

by  proposition  2.  Further,  using  (4)  we  get 

II. I  ,  II  I  <  const,  h1  a  . 

»  a  2  ex 

Since  the  constants  are  independent  of  t  >  0,  0  <  h  <  1,  this  gives  the  desired  result. 


Remark .  Let  tg  >  0.  Then  the  same  method  of  proof  shows  (0  <  a  <  1) 

lu(t+h)  -  u(t)la  <  const,  h  for  t>tQ>0,  0<h<1  . 

If  u  is  only  supposed  to  be  a  bounded  mild  solution  of  (5),  then  instead  of  proposition  4 
we  have 

Proposition  5.  Let  u  be  a  bounded  mild  solution  of  (5)  such  that  (7)  is  satisfied. 

Assume  0  <  a  <  p  <  1  and  <p ( 0 )  £  Xa.  Then 

lu(t+h)  -  u(t)l  <  C.h^  P 
a  6 

for  all  t,h  >  0  with  a  constant  Cfi  independent  of  t,  h. 


Proof.  In  view  of  proposition  1  we  may  assume  p  <  1.  Choose  t 

a~e  £  L(x)  for  any  e  >  0,  we  get 

II  l  ,  11,1  <  0on3t.  h1_p  . 

la  2  a 


Also 


t  in  (8).  Since 


11,1  < 
3  a 


/n 


«A°(e-fth 


-I,  ..a+1-S  -A(t-s),  _  . 
I)A  I  I A  e  I  P  ds 


1~p  ft 

<  const,  h  J  (t-s) 


P-a-1  -6 (t-s) 


d3  £  const,  h 


This  proves  the  assertion. 


Proposition  6.  Let  the  hypotheses  of  proposition  2  be  satisfied  and  assume  that  A-'  is 

compact.  Then  to  any  0  <  a  <  1  and  any  tQ  >  0  there  is  a  constant  Cy  =  C-^fa.t^)  with 

«u(t) I  <  C,  for  all  t  >  t„  >  0  . 

a  7  0 


Proof .  Let  y  =  (1+a)/2.  8y  the  remark  following  proposition  4  we  have 


Huftt-h)  -  u(t)l  <  const,  h  for  all  t  >  t.,  0  <  h  <  1 


with  a  constant  independent  of  t,  h.  Since  A- 


for  any  e  >  0  is  a  compact  operator 


(4,  p.  27]  the  assertion  follows. 

For  the  next  proposition  we  assume  that  g  is  globally  Lipschitz  continuous  in  its 
second  argument,  i.e.  that  there  is  a  constant  L  >  0  such  that 
(9)  I  <g(  t ,  1 )  -  g(t,<]i2)l  <  Lli)i1  -  <l>2>2  for  all  t  >  0,  il^.f  £  Z 


Proposition  7.  Let  u,  u  denote  two  mild  solutions  of  (5)  with  initial  values  ,  <p  £  Z 


resp. 

Assume  (9).  Then  for  all  t  >  0 

(i) 

*  *  {  TjC 

,ut  ■  Vz  <  cl*  •  f,ze 

-6 )  t 

m  case 

CL  -  6  >  0 

(ii) 

*  tor  * 

"ut  ■  Vz  <  Ce  *  *’ze 

-01 1 

m  case 

CL  -  6  <  0 

where 

o)  is  the  unique  positive  solution  of 

0)  +  CL  e“r  = 

S. 

Proof. 

Define  y(t)  »  lu(t)  -  u(t)l,  t  >  -r. 

with  |yt|  = 

sup{y(t+o) 

Then 


and 


y ( t)  <  Ig  -  gl  for  t  e  J 
z 


y(  t)  <  Ce_{t)y0)  +  /*  CLe  5(t  S>  )y  )ds  »  t  >  0 


Let  t+  =  max(0,t).  Lemma  3  implies  that  for  any  e  >  0  we  have 

(CL-«)t+ 

(i)  y(t)  <  (C 1  y 0 1  +  e)e  ,  t  >  -r 

or  resp. 

i  i  _ut+ 

(ii)  y(t)  <  (C+e)|y0|e  ,  t  >  -r  . 

Letting  e  ■*  0+  the  assertion  follows  in  both  cases. 


Remark .  In  the  foregoing  proof  we  only  made  use  of  the  bound  Je  II  <  Ce  for  t  >  0 
with  6  not  necessarily  positive.  Hence  proposition  7  sharpens  corollary  2.3  in  [16] 
(where  it  is  assumed  that  C  =  1)  and  proposition  3.2  in  [17]  (in  case  a  =  0).  Note  that 
the  assertions  of  corollaries  3.7  and  3.8  in  [16]  immediately  follow  from  proposition  7. 


In  contrast  to  [16,  Section  3]  we  do  not  require  g  to  be  autonomous. 


Corollary.  To  any  0  <  a  <  1,  t  >  0  with  9(0)  -  9(0)  £  Xa  there  is  a  constant  C 
Ca(a,t)  such  that 

A  A  A 

lu(t)  -  U(t)l  <  C*9 (0  )  -  9<0)»  +  C  *9  "  9*  . 

Cl  Q  O  2 

Proof .  In  case  CL  -  6  >  0  we  have 

lu(t)  -  u(t)la  <  «e'tA(9(0)  -  9(0))«a 

ft  .a  -A(t-s),  _  .  .  , 

+  L  ll  e  I  1  lu  -  u  •  ds 

1 0  s  s  Z 

<  C«9(0)  -  9(0)*  +  /*  C'(t-3)”ae  LC * 9  -  9*  e<LC  ^ds 

QUO  2 

<  Cl  9  (0  )  -  9(0)«  +  r(1-a)(LC)ac'e(LC_{)tl9  -  9«  • 

Q  a  2 


The  proof  in  case  CL  -  6  <  0  is  similar 


Let  ft  C  R?”  be  a  bounded  domain  whose  boundary  3ft  for  some  0  <  u  <  1  is  a  (m-1)- 
dimensional  C2+U-manifold  such  that  $1  lies  locally  on  one  side  of  90,  cf.  [5,  §4.4}. 
Define  rQ  =  j  *  ft  and  let  C  =  C(r0,nP)  with  supremum  norm.  In  this  section  we  will 
apply  the  results  of  section  1  to  the  weakly  coupled  parabolic  system 
(10a)  uk  +  Lkuk  =  gk(t,x,ut>  in  D  *»  [0,“)  x  ft  , 

(k  =  1,2,  ...,0),  where  u  «  (u1,....^)  :  D  x  ♦  Rn  is  a  vector  valued  function, 
uk  =  9uk/9t  and  ut  £  C  for  t  >  0  is  defined  by  ut(o,£)  =  u(  t+o,E ) ,  ( o,£ )  e  The 

operators  L  are  given  by 


v  V 

with  D.  =  9/9x  .  We  assume  that  the  coefficient  functions  a, .,  a, 

1  i  xj  1 

are  u-Holder  continuous  in  ft  and  that  (k  «  1,2,..., n) 

I  >  X  l  C?  for  all  C  e  x  e  ft 

i,j=1  1]  -1  i»1 

with  some  positive  constant  X. 

The  boundary  and  initial  conditions  for  (10a)  are 


(10b) 

Bkuk  =  0 

on 

[0,«.) 

x  3ft 

(10c) 

U  =*  (p 

in 

ro  • 

Here 

Bkuk  =  bk(x)uk  +  6 

k.  k 
3u 

/36(k) 

for 

k  “  1 9 2 1  ^  n 

with  6*  =  0  or 

1  and  bk  £  C1+UOft). 

Also  flk 

-  Sk 

(x)  £  C1+W(9ft,Rm)  is  an  outward 

K  k 

point- ing,  nowhere  tangent  vector  field  on  9ft.  In  case  5  =0  we  assume  that  b  =  1 


on  9ft  and  that  the  compatibility  condition  of  first  order  is  satisfied,  i.e.  that 
Lkpk(0,x)  -  gk(0,x,ii>)  =  0  on  9ft. 

Let  g  :  R+  x  ft  x  C  +  R°  in  (10a)  be  a  given  function  and  ®  e  C  with 
<p(0>  £  C2(ft,Rn)  in  (10c).  Note  that  Bkpk(0)  =  0  on  9 ft  by  (10b). 

A  classical  solution  u  of  (10)  is  a  function  u  t  CITj  U  D,Rn)  whose  restriction  to 
D  lies  in  C1,2(D,Rn),  i.e.  whose  components  are  continuously  differentiable  in  D, 
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twice  with  respect  to  x  and  once  with  respect  to  t,  such  that  equations  (10)  are 
identically  satisfied.  A  bounded  classical  solution  u  of  (10)  is  a  classical  solution 


with  sup{|u(t,x)|  s  (t,x)  e  ''o'-1  <  “• 


Let  X  »  1^(0, r"),  where  1  <  p  <  »  is  fixed  but  arbitrary.  For  sufficiently  large 


d  >  0,  the  operator  A  :  D(A)  +  X  defined  by 


Au  -  <L1u1,...,Lnun)  +  du 


with 


D(A)  «  {v  £  W2,P(f!,Rn)  :  B^v*  «  0  on  3(2  for  all  k) 


satisfies  the  assumptions  on  A  in  section  1,  cf.  (2,  $1.19].  Let  u  be  a  fixed  bounded 
classical  solution  of  (10)  such  that: 


For  some  pQ  >  m,  the  function  f(t)  «  g(t,*,ut)  : 


:  R  ♦  X 


(H  ^  ) 


L  °(fi,Rn)  satisfies  (7) 


Then,  by  propositions  1  and  5  there  are  constants  «  C^a),  C&  *  C&(a,p)  such  that 

i  ’-e 


«u(t)«a  <  C1 


«u(t)  -  u(s)l  <  C,  t-s 
a  6' 


X  C  C*(P,r")  for  0  <  X  <  2a  -  m/p 
a 


for  all  t,s  >  0,  0  <  a  <  p  <  1.  But 
(ID 

with  continuous  imbedding,  cf.  [4,  Thm.  1.6.1).  Hence,  defining  Vg  =  1-m/pg  we  see  that 
for  any  0  <  v  < 

(12)  u(t,*)  £  C1+V(R,Rn)  for  all  t  >  0 

with  uniformly  bounded  norm.  Moreover,  for  any  x  £  (1  we  have  (i  =  1,2,...,m) 

(13) 

where  again  0  <  v  <  vQ  is  arbitrary,  with  Holder  norms  bounded  uniformly  in  x. 

For  0  <  v  <  1  define 


v  +  n  v/2  +  n 

U(  •  ,x)  £  C  (R  ,R  ),  D^u(  •  ,x)  £  C  (R  ,R  )  , 


Yv  =  {V  £  C0'V0,Rn)  :  lv«(v)  <  -} 


with 


M 


m 


,N'.S 


>-•1 


v  4 


-ii- 


Ivl,  -  Ivl  +  [v]  +  [v] 

(V)  -  V,x  v,t 


JH 

+  y  (iD.vl  +  [D.v]  +  [D.v]  ..  .  )  / 

i  “  1  v,x  i  v/2,t 


where,  for  *  €  C  and  0  <  a  <  1, 


1*1  -  sup{|i|i(o,5>|  :  (o,5)  e  T  }  , 


(*1  =  sup{|*(t,5)  -  *<t,n) 1  |5-n|”a  :  t  «  j,  5  ¥  n  £  n)  , 


Wa,t  -  sup{|*(t,5)  -  *(s,C)|  |  t-s  j :  5  e  ft,  t  ?  s  e  J} 


Since  for  0  <  v  <  p  <  1,  Y  is  compactly  embedded  in  Yy,  it  follows  from  (12),  (13) 


that  the  orbit  I"(u)  =  {ut  :  t  >  0)  of  a  bounded  classical  solution  u  of  (10)  is 


relatively  compact  in  Yy  for  any  0  <  v  <  Vg  provided  9  •  Ug  £  Yp  for  some  p  >  v. 


Further,  if  »  is  sufficiently  smooth,  say  9  e  Yj,  then  proposition  6  gives 


u(t,- )  e  CV((2,Rn)  for  all  t  >  tQ  >  0 


with  arbitrary  0  <  v  <  vQ,  tQ  >  0.  The  HSlder  norms  are  bounded  uniformly  in  x.  Write 


( 1 Oa,b)  as  an  uncoupled  system  of  linear  elliptic  equations 


Lkuk  «  hNxjt)  in  0 


_k  k 

B  u  =0 


on  30  , 


V  v  • 

where  h  (x;t)  =  g  (t,x,ut)  -  u  depends  on  t  as  a  parameter.  Suppose  that  g  has  the 


following  property: 


(H,)  If  *  €  Y  for  some  0  <  v  <  1  then,  for  any  fixed 


t  >  0,  the  function  h(x)  «  g(t,x,*)  is  p-H6'lder 


continuous  in  x  e  0  with  p  =  p(v),  the  p-H81der 


norm  of  h  depending  only  on  v  and  1*1 jyj. 

Then,  by  (14)  and  (H2)  the  functions  h(xit),  t  >  tg  are  w-HSlder  continuous  in  x. 


uniformly  with  respect  to  t,  for  some  0  <  u  <  1.  Hence,  by  the  Schaunder  estimates 


2 +Ci)  *”11  ~ 

u(t,»)  €  C  (0,R  )  for  all  t  >  tg  >  0  with  uniformly  bounded  norm,  where  us  *  min(u,u)) 


(cf .  (6,  Chap.  3]  ) . 


For  0  <  v,  o  <  1  let 


--.v.v.v. 
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Theorem  9.  Let  u  be  a  bounded  classical  solution  of  (10)  satisfying  (H ^ ) ,  (H2K  Assume 

f  £  Y1  with  q>( 0 ,  • )  £  C2(«,Rn).  Then,  Tt(u)  »  s  t  >  t)  is  relatively  compact  in 

Y V'0  for  any  0  <  v  <  vQ,  0  <  a  <  w,  where  t  >  0  is  arbitrary. 

Remarks ;  a)  Under  the  hypotheses  of  theorem  8,  Tt(u)  for  T  >  r  is  relatively  compact 
in  Yv  for  any  0  <  v  <  vQ.  This  is  true  even  without  the  assumption  <p  e  Yp.  Similarly, 

if  the  assumption  f  t  Y,  in  theorem  9  is  replaced  by  *  (  Lip  (J,  C(fl,Rn)),  then  the 

assertion  remains  valid  for  T  >  r.  Conversely,  suppose  that  under  the  hypotheses  of 
theorem  9  the  function  k(t,x)  ”  g(t,x,ut)  is  an  element  of  CU>'/2 ' ^ ( ( 0 , tQ ]  *  ?T,Rn)  for 
some  tg  >  0  (see  (5]  for  definition  of  this  space).  Then,  by  (5,  Sect.  4.5)  it  follows 
that  x  «  0  can  be  admitted  in  theorem  9. 

B)  Let  u  be  a  bounded  classical  solution  of  (10)  and  assume:  For  any  fixed  t  >  0  the 
function  g(t,*,ut)  :  ft  ♦  vP  is  measurable,  and  the  set  {g(t,x,ut>  :  (t,x)  £  d)  is 
bounded.  Then  the  function  f(t)  »  g(t,*,ut)  satisfies  (7a)  in  X  »  lP(S),I^)  for  any 
Pg  >  1  and  the  same  is  true  for  (7b)  provided  this  inequality  holds  in  X  =■  L  ^(fl.R11)  for 
some  Pg  >  1.  Hence,  in  this  case  we  can  admit  Vg  »  1  in  the  above  considerations. 
y)  Some  simple  examples  for  functionals  that  can  be  treated  by  the  above  method  would  be 


m 


>V 


g(t,x,iii)  -  iM-r,x),  4>( 0 , x) ( — r ,x>  , 

/  *2lO,S)d5  and 

UM*| 

f°  h(s)t|i(s,x)ds  with  h  e  L1  (J )  . 

On  the  other  hand,  there  are  functionals  that  do  not  fail  within  the  scope  of  the  L^-theory 
developed  above,  as  the  example 

(16)  g(t,x,<)p)  -  *<0,x0)  ,  x0  t  (1  fixed 

shows.  However,  (16)  can  be  admitted,  if  we  choose  X  »  Xc  -  C(G,Rn)  with  supreraum  norm 

and  define  the  operator  Ac  :  D(AC)  C  Xc  ♦  xc  by  Acv  =■  Av,  v  £  D(A0)  with 

D(A  )  -  {v  €  X  :  V  £  w2,q(a,Rn),  Av  £  X  , 
c  c  c 

B**vk  »  0  on  30  for  all  It}  , 

where  q  >  m  is  a  fixed,  but  arbitrary  real  number.  By  [14},  [15)  Inequality  (16)  is  then 
satisfied  and  from  Xc  C  X  -  1^(0, rf1)  and  D(AC)  C  D(A)  for  any  1  <  p  <  q  it  follows 
that  D(a“)  C  D(A®)  for  all  0  <  8  <  a  <  1.  Hence,  theorems  8  and  9  can  be  proved  as 
above  (with  vQ  =  1  and,  of  course,  X  replaced  by  Xc  in  (H,)),  provided  D(AC)  is 
dense  in  Xc.  But  this  is  true  only,  if  6k  «  1  in  (10b)  for  all  k.  In  general,  we  have 
to  replace  Xc  by 

X  «  {v  £  X  t  v^  m  0  on  30  ,  if  4*  =*  0  in  (10b)}  , 

c  c 

which  in  turn  implies  an  additional  condition  on  the  nonlinearity  g  in  (10a),  namelyi 
For  any  k  with  4k  ■  o  in  (10b)  we  have 
gk(t,x,ut)  “  0  for  all  t  >  0,  x  £  30, 
u  denoting  a  bounded  classical  solution  of  (10). 


In  each  concrete  case,  using  (10b)  this  condition  can  be  easily  verified. 


uaunanzr-nr. 
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3.  Asymptotic  behavior. 

Let  ”  C(J,Rn)  the  eubspace  of  spatially  homogeneous  functions  in  C.  We  will 
assume  throughout  this  section  that  the  nonlinearity  g  in  (10a)  is  autonomous,  i.e. 
that  g  »  g(ufc).  Consider  the  ordinary  functional  differential  equation 
(17a)  *  ■  g(z  )  for  t  >  0  , 

(17b)  «0  -  <i  e  Ch  . 

For  any  set  G  C  rP  define  the  subspace  CG  of  C  by 

CG  -  (v  €  C  :  v(r0)  C  G}  . 

Let  V  :  Cjj  ♦  R  a  continuous  function  and  set 

V(i|i)  -  Tiin  h_1(V(zh)  -  V(if />)  for  $  e  Cu  , 
h+0+  ‘ 

where  z  =*  z(t;if>)  is  the  solution  of  (17a)  with  initial  value  zQ  ■  <|i.  We  say  that 
V  i  Ch  ♦  R  is  a  Liapunov  function  for  (17)  on  CQ  h  «  CQ  (">  C^,  if  V  is  continuous  on 


C_  .  and  V  <  0  on  C_  ... 
G,h  G,h 


and  denote  by 


U  e  cGh  i  v(*)  <  0} 


(18)  M  the  largest  set  in  S  which  is  invariant 

with  respect  to  (17). 

(A  set  K  C  ch  is  said  to  be  invariant  with  respect  to  (17),  if  for  any  ♦  e  K  there  is  a 
continuous  curve  w  :  R  •*  K  with  w(0)  “  and  zt(w(t))  -  w(t+T)  for  all  t  >  0,  T  c  R. ) 
We  then  have  the  following  assertion  [3,  $13); 

If  V  is  a  Liapunov  function  on  CQ  ^  and  if  z(t;t|>) 
is  a  bounded  solution  of  (17)  with  values  in  G,  then 


Let  V  be  a  Liapunov  function  for  (17)  on  CG  ^  and  define  W  :  C  +  R  by 
(19)  W(v)  -  fn  V(s(*,C))dC  ,  V  «  cG  . 

<%* 

Let  Kv  0  with  some  0  <  v  <  1,  0  <  a  <  a  be  fixed  in  the  sequel  (u)  is  the  constant 
appearing  in  theorem  9).  We  introduce  the  following  hypotheses: 


«*  ,>  k',  •.  1^*,  — ,  ^  .  . 


*-  .*•  V-  .  \ 

■  *  *  “  •  *  .  ^  * •  - 


•  %  •  .  *  *»  A  a.*  s 


/• . -v  . 


(H,)  Por  any  9  e  C_  O  V  satisfying  the  compatibility 

J  Ci  W,U 

condition  of  first  order  the  initial  value  problem  (10) 

has  a  unique  classical  solution  u  with  u.  e  C 

u  G 

for  t  >  0.  Moreover,  to  any  T  >  0  there  is  a  constant 
P,  depending  only  on  T  and  19! ,  .  ,  such  that 

|u(t,x)|  <  P  for  all  -r  <  t  <  T,  x  e  fl. 

(H4)  There  are  functions  c  e  C(Rr,R  ),  which  have  only 

isolated  zeros,  such  that 


W(e)  =  lira  h-1(w(u.  )  -  w( <p ) ) 
h+0+  h 


<  -/  \  y  cK(9(0,5))|V9  (0,C)l  +  V(»(*,?))ldt 


for  all  <P  €  C  O  Y  ,  u  =  u(<p)  denoting  the  solution  of 

Vj  V  t  U 

(10)  with  initial  value  9. 

Theorem  10.  Let  u  be  a  bounded  classical  solution  of  (10),  where  g  -  g(ufc)  is 
autonomous  and  locally  Lipschitz  continuous-  Assume  that  the  initial  value  9  of  u 
satisfies  9  e  Lip( J,C(fi,Rn) ) ,  7(0,*)  €  C2(R,Rn)  and  that  (H,),  (h2)  are  fulfilled  for 
u,  g.  Let  the  values  of  u  lie  in  a  set  G  C  tP  and  let  there  exist  a  Liapunov 
function  v  for  system  (17)  on  Cg  Assume  (H3)  and  (H4). 

Then  ufc  ♦  M  as  t  ♦  “  in  C,  where  M  is  defined  by  (18),  i.e.  the  asymptotic 
behavior  of  u  is  uniquely  determined  by  the  asymptotic  behavior  of  the  solutions  z  of 
the  ordinary  functional  differential  equation  (16). 

Proof .  Let 

w(u)  “  {v  (  C  :  There  exists  tv  ♦  •  with  u.  ♦  v  in  C} 

St 

mu)  =  n  r  (u) 
t>o  T 

-16- 


Then 


and  by  theorem  9  ui(u)  ia  nonempty  and  compact  in  Yy  0*  Let  c  w(u)  be  arbitrary. 

Then  £  c  n  Y  and  the  solution  u„  ■  u n(9n)  of  (10)  with  initial  value  is 

T0  G  v,c  o  u  u  u 

well  defined  by  (Hj)  (note  that  <pQ  satisfies  the  compatibility  conditions).  Using  a  cut¬ 
off  procedure  we  see  by  (H^,  (Hj)  and  the  corollary  to  proposition  7  that  for  every  t  >  0 


(assuming  u  ♦  9.) 

k 


ufc(ut  )  ♦  uQ  t<<Pg)  in  C  (k  +  ») 


Hence  <u(u)  is  positively  invariant. 

By  compactness,  there  exists  a  subsequence  tn  ♦  *  such  that  lim  -  1  *  91 

1  n  ni 

exists  in  C_  A  y  .  Taking  further  subsequences  and  then  the  diagonal  subsequence  in  the 
G  VjO 

usual  way  we  find  t^.  +  ”  such  that  . 

u  ♦  9  in  C  H  Y  as  n'  ♦  “  for  j  =  0,1,2,...  . 

V-j  j  G  v,o 

Define  a  curve  w  i  R  ♦  C  by 

w(t)  ■  ut+j^j*  for  t  *  ”1  (3  “  0,1,2,...  ) 

This  is  consistent  because 

ut+j(9j>  -  ut+K(»k)  for  t  >  -J  >  -k  . 

It  follows  that  u(u)  is  an  invariant  set  with  respect  to  (10). 

By  hypothesis  (H4)  the  function  M(ut>  is  decreasing  for,  say,  t  >  r.  Since  it  is 
bounded  below,  W  must  be  constant  on  u>(u).  Hence  W(9g)  “  0  for  any  9g  «  io(u).  This 

lr 

implies  in  particular  that  9g(0,x)  is  independent  of  x  by  the  assumptions  on  the  c 
in  (H4).  But  then  9Q(t,x)  is  independent  of  x  for  all  t  c  J  by  the  invariance  of 
u(u).  We  thus  see  that  o)(u)  C  M,  where  M  is  defined  by  (18),  and  the  proof  is 
complete . 

Remarks:  (i)  If  g  is  globally  Lipschitt  continuous  in  C,  then  sufficient  conditions 
for  (Hj)  to  hold  can  be  derived  from  the  results  in  [11]  using  [5,  Section  4.5].  In  the 
general  case  of  only  locally  Lipschitt  continuous  g  the  crucial  point  is  the  derivation 
of  an  a  priori  bound  for  |u|  (depending  of  course  on  19*(V  To  thi-s  end'  the 

following  two  methods  can  be  used: 


:*> 


r . 


•• 

j. «  _  *  “ . 


N:-\ 


is 

.•  V  v ' 

0  »  '  » 
V  V  * 

This 

MEm 

ck 

. Hz! 

V.vV» 
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a)  comparison  arguments/  cf.  [11] » 


S)  functional  analytic  methods  (feedback  arguments)/  cf.  section  4  and  [12]. 

(ii)  Our  assumptions  on  the  initial  function  9  are  quite  strict  (compatibility 
conditions,  smoothness,  boundary  behavior).  It  should  be  clear,  however,  that  the  results 
of  this  section  are  valid  under  any  conditions  on  9  that  will  insure  the  solution  to  be 
classical  for  t  >  tg  for  some  tg  >  0.  We  then  simply  consider  the  initial  boundary 
value  problem  (10)  on  the  time  interval  [tg+r,«>). 

(iii)  The  proof  of  theorem  10  follows  [4,  Section  4.3].  As  in  [4,  t.c]  one  can 
additionally  show  that  <u(u)  is  connected  in  C. 

(iv)  As  shown  by  the  example  studied  in  [7],  in  special  cases  the  ansatz  (19)  may  also  be 
useful,  if  g  depends  on  x  as  well  as  on  ut. 


He  consider  the  initial  boundary  value  problem  (n«1) 


(20a) 

u 

-  Au  - 

•  -r 

a(s)  h(  u(  t+s , x ) ) ds  in  0  , 

(20b) 

du/3N 

»  0 

on  (0,»)  x  30  , 

<20  c) 

u  • 

•  in  r0  , 

where  N 

denotes  the  outer 

normal  to 

30 

and 

h(z) 

-  ur-1* 

, 

z  r  R,  for  some  t  >  1 

The  corresponding  partial  differential  equation 

v  *  dv  -  | v| *  ^ v  in  D 

has  been  used  as  a  model  aquation  by  several  authors,  see  e.g.  t 1 1 . 

Let  us  assume  that  the  density  a  in  (20a)  satisfies: 

(21)  a  t  C^(J)  la  a  nonnegative  convex  function,  with  a(-r)  “  0 

(cf.  (3,  $141).  Following  the  procedure  outlined  in  section  3  and  using  the  results  of  [3] 

we  define  a  function  W  :  C  ♦  R  by 

W<* )  -  fn  V(e ( •  ,£)  )d£  ,  <p  e  C  , 


where 


V(*)  -  H(*(0))  +  -i  /°r  a(s)[/°  h(iHo))do)2ds  ,  *  t 


with 


HU)  -  J*  h( z ) dz  ,  i.e.  H(z)  -  |*|£+1/U+1)  ,  z  e  R  . 

We  get  (for  smooth  *) 

W(»)  -  J  hU(0,f)  )i*(0,5)dC  +  J  V(gC,5))d5 

-  -/n  h'U(0,e))|Ve(0,e)|2d5  +  Jn  v  ( <P  ( • ,  e ) )  d5 

(22) 

V ( ~  \  a(-r)  l/®r  h(i[i(s)  )ds]  2 

-  x  f°  Sts)  (f°  h(tf/(c))da!  2ds  . 

2  '  -r  '  s 

Hence  W  is  a  Liapunov  function  for  (20)  satisfying  (H^)  with  G  =  R.  (Note  that 
in  J  by  (21).) 


a  >  0 


Now  assume  that  the  initial  function  ?  in  (20c)  is  such  that 


C(fi)  and  we  are  done.  If  m  >  2(1  +  £_1)  we  get  a  bound  in  L°(ft)  with  p  being 
l  2-1 

arbitrary  close  to  (-:■■■--  -  — )  .  Thus  we  can  choose  p  >  £+1  if  and  only  if 

•1+ 1  m 


(27) 


m  <  2 


1+1 

1-1 


Assuming  (27)  and  repeating  the  above  reasoning  we  get  a  nondecreasing  sequence  (Pk)  of 
real  numbers  with 


_  ,  *  2.-1 
P  <  (l+l"  m 


,  2.-1 
Pk+1  <  -  m> 


such  that  u(t)  is  bounded  in  L  K(ft),  uniformly  with  respect  to  t.  But  it  is  easy  to 
show  that  after  finitely  many  steps  Pk  can  be  chosen  so  as  to  fulfill  2pk  >  ml.  In  the 
next  step  this  leads  to  the  desired  a  priori  bound  for  u(t)  in  C(fi).  Hence,  using  a 
cutting-off  procedure  we  can  transform  (20a)  into  an  equation  with  globally  Lipschitz 
continuous  nonlinearity,  u  still  being  a  solution  of  the  transformed  equation  on  its 
interval  of  existence.  But  then  it  follows  from  [11,  Thm.  3.1)  that  u  is  a  global 
solution  of  (20).  Moreover,  u  is  bounded  and  classical  for  t  *  0.  We  can  thus  apply 
the  results  of  section  3  to  this  solution.  In  view  of  [3,  §14)  we  arrive  at  the  following 

Proposition  11.  Assume  (21),  (23)  and  (27).  Then  the  boundary  value  problem  (20)  has  a 
unique  bounded  classical  solution  u.  As  t  +  ■»,  this  solution  converges  (uniformly  with 
respect  to  x  e  12)  to  0  provided  a(s)  j*  0  for  some  s  e  J,  and  to  a  r-periodic 
solution  of  the  second  order  equation  z  +  a(0)h(z)  «  0  in  case  a  is  linear,  a  ?  0. 

Remarks .  (i)  If  we  replace  the  boundary  condition  (20b)  by  u  =  0  on  (0,»)  x  3ft,  then 

it  follows  by  the  same  reasoning  as  above  that  for  smooth  initial  values  <p  this  boundary 
value  problem  has  a  unique  bounded  classical  solution  u.  As  t  +  ■>  this  solution 
converges  to  zero,  uniformly  with  respect  to  x  e  ft.  The  admissible  values  of  £  and  m 
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are  again  given  by  (27). 


(ii)  By  essentially  the  same  methods  we  can  also  study  the  asymptotic  behavior  of  solutions 
to  (20)  for  more  general  nonlinearities.  In  fact,  assume  that  h  is  an  increasing 
function  such  that  h'  has  only  isolated  erros.  Moreover,  assume  that  there  are  constants 
l  >  0,  X  >  1  with 

t  h(  2)  |  <  P^l  +  |z|>*  ,  H(z)  >  P2|z|t+1  ,  z  e  R  , 

where  H(z)  =  f*  h(s)ds  and  P1#  P2  positive  constants.  Then  the  assertions  of 
proposition  11  remain  true  provided  we  replace  condition  (27)  by  m  <  2 ( t+1 )/(X-1 ) . 


/ 


REFERENCES 

Brezis  and  A.  Friedman.  Nonlinear  parabolic  equations  involving  measures  as 
initial  conditions.  J.  Math.  Pures  et  Appl.  62  (1983),  73-97. 

Friedman.  Partial  differential  equations.  Holt,  Rinehart  and  Winston,  New  York 


Hale.  Functional  differential  equations.  Applied  Mathematical  Sciences  3, 

Spr inger-Verlag,  New  York  1971. 

Henry.  Geometric  theory  of  semilinear  parabolic  equations.  Lecture  Notes  in 
Mathematics  840,  Springer-Verlag,  Berlin  1981. 

A.  Ladyzhenskaja,  V.  A.  Solonnikov  and  N.  N.  Ural'tseva.  Linear  and  quasilinear 
equations  of  parabolic  type.  Amer.  Math.  Soc.  Transl.  Math.  Monographs  23, 
Providence,  RI  1968. 

A.  Ladyzhenskaja  and  N.  N.  Ural'tseva.  Linear  and  quasilinear  elliptic  equations. 
Academic  Press,  New  York  1968. 

de  Mottoni,  E.  Orlandi  and  A.  Tesei.  Asymptotic  behavior  for  a  system  describing 
epidemics  with  migration  and  spatial  spread  of  infection.  Nonl.  Analysis  TMA  3 
(1979),  663-675. 

Redheffer  and  W.  Walter.  On  parabolic  systems  of  the  Volterra  prey-predator  type. 
Nonl.  Analysis  TMA  7  (1983),  333-347. 

Redheffer,  R.  Redlinger  and  W.  Walter.  A  theorem  of  LaSalle-Liapunov  type  for 
parabolic  systems.  Manuscript. 

Redlinger.  Uber  die  C^-Kompaktheit  der  Bahn  von  Losungen  semilinearer  para- 
bolischer  Systeme.  Proc.  Roy.  Soc.  Edinburgh  93A  (1982),  99-103. 


Redlinger.  Existence  theorems  for  semilinear  parabolic  systems  with  functionals. 

Nonl.  Analysis  TMA  3  (1984),  667-682. 

Rothe.  Global  solutions  of  reaction-diffusion  systems.  Lecture  Notes  in 


Mathematics  1072,  Springer-Verlag,  Berlin  1984. 

E.  Sobolevskij.  Equations  of  parabolic  type  in  a  Banach  space.  Amer.  Math.  Soc. 


K 


Transl.  (2)  49  (1966),  1-62 


H.  B.  Stewart.  Generation  of  analytic  semigroups  by  strongly  elliptic  operators. 

TAMS  199  (1974),  141-162. 

H.  B.  Stewart.  Generation  of  analytic  semigroups  by  strongly  elliptic  operators  under 
general  boundary  conditions.  TAMS  259  (1980),  299-310. 

C.  C.  Travis  and  G.  F.  Webb.  Existence  and  stability  for  partial  differential 
equations.  TAMS  200  (1974),  395-418. 

C.  C.  Travis  and  G.  F.  Webb.  Partial  differential  equations  with  deviating  arguments 
in  the  time  variable.  J.  Math.  Anal.  Appl.  56  (1976),  397-409. 


SECURITY  CLASSIFICATION  OF  THIS  PACE  (TOhm  Data  Bntorod) 


REPORT  DOCUMENTATION  PAGE 


.  REPORT  NUMBER 

#2897 


4.  TITLE  (mtd  Subtltl o) 

Orbital  Compactness  and  Asymptotic  Behavior 
of  Nonlinear  Parabolic  Systems  with  Functionals 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


2.  GOVT  ACCESSION  NO.I  3-  RECIPIENT’S  CATALOG  NUMBER 


S.  TYPE  OF  REPORT  A  PERIOD  COVERED 

Summary  Report  -  no  specific 
reporting  period 


C.  PERFORMING  ORG.  REPORT  NUMBER 


7.  AUTHOR/*; 


Reinhard  Redlinger 


S.  CONTRACT  OR  GRANT  NUMBER/*; 


DAAG29-80-C-00  41 


9.  PERFORMING  ORGANIZATION  NAME  AND  AOORESS 

Mathematics  Research  Center,  University  of 
610  Walnut  Street  Wisconsin 

Madison,  Wisconsin  53705  _  _ 


II.  controlling  office  name  and  address 

U.  S.  Army  Research  Office 

P.O.  Box  12211 

Research  Triangle  Park,  North  Carolina  27709 


10.  PROGRAM  ELEMENT.  PROJECT,  TASK 
AREA  A  WORK  UNIT  NUMBERS 

Work  Unit  Number  1  - 
Applied  Analysis 


12.  REPORT  DATE 

January  1986 


13.  NUMBER  OF  PAGES 

24 


4.  MONITORING  AGENCY  NAME  A  AODRESS/Jf  ditto rani  from  Controlling  Ollier)  IS.  SECURITY  CLASS,  (ot  (Ilia  report; 

UNCLASSIFIED 


18a.  DECLASSIFICATION/ DOWNGRADING 
SCHEDULE 


16.  DISTRIBUTION  STATEMENT  (ol  Olio  Roport) 

Approved  for  public  release;  distribution  unlimited. 


\7.  DISTRIBUTION  STATEMENT  (ot  the  ebetrmet  entered  in  Block  20,  It  different  tram  Roport) 


19.  KEY  WORDS  (Confirm#  on  tovoreo  old o  it  neceeeery  or d  Identify  by  block  numbtr) 

Parabolic  systems  with  functionals,  orbital  compactness,  asymptotic  behavior 


20.  ABSTRACT  (Continue  on  revere e  elde  It  neceeemrv  end  Identity  by  block  number)  q 

Weakly  coupled  semilinear  parabolic  systems  of  the  form  u  -  A(x)u  =  g(ut) 
with  homogeneous  boundary  conditions  are  studied.  The  nonlinear  function 

j  :  C( [-r,0]  x  H,  R")  +  is  assumed  to  be  locally  Lipschitz  continuous  with 

r  >  0  a  given  real  number  and  0  C  if®  a  bounded  domain,  u  =  du/dt,  ut  for 
t  >  0  is  defined  by  ufc(a,5)  =  u(t+a,C),  -r  <  a  <  0,  5  £  i!  and  A  is  a 

uniformly  elliptic  second  order  diagonal  operator.  Let  u  be  a  bounded 
classical  solution.  We  first  establish  precompactness  results  for  the  orbit 


1473  EDITION  OF  1  NOV  63  IS  OBSOLETE 


UNCLASSIFIED  (continued) 

SECURITY  CLASSIFICATION  OF  THIS  PAGE  /Wi*n  Data  Bntortd) 


ABSTRACT  (continued) 


of  u  in  several  function  spaces.  Using  these  results  and  assuming  that  a 
Liapunov  function  V  for  the  corresponding  ordinary  functional  differential 
equation  z  =  g(zfc)  is  known,  we  then  show  under  some  general  conditions  that 

the  limit  set  w+  (as  t  ■*>  «• )  of  u  consists  of  spatially  homogeneous 
functions  only.  Moreover,  u+  is  invariant  with  respect  to  z  ■  g(zfc)  and 
ft  =  0  on  u+.  The  theory  is  illustrated  with  an  example. 


